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Abstract. We prove that symplectic homeomorphisms, in the sense of 
the celebrated Gromov-Eliashberg Theorem, preserve coisotropic sub- 
manifolds and their characteristic foliations. This result generalizes the 
Gromov-Eliashberg Theorem and demonstrates that previous rigidity 
results (on Lagrangians by Laudenbach-Sikorav, and on characteristics 
of hypersurfaces by Opshtein) are manifestations of a single rigidity phe- 
nomenon. To prove the above, we establish a C°-dynamical property 
of coisotropic submanifolds which generalizes a foundational theorem 
in C°-Hamiltonian dynamics: Uniqueness of generators for continuous 
analogs of Hamiltonian flows. 

1. Introduction and main results 

A submanifold C of a symplectic manifold (M, ui) is called coisotropic if 
for all p € C, (TpC)^ C T p C where (TpC)^ denotes the symplectic orthogonal 
of T p C. For instance, hypersurfaces and Lagrangians are coisotropic. A 
coisotropic submanifold carries a natural foliation T which integrates the 
distribution (TC) 1 ^; J- is called the characteristic foliation of C. Coisotropic 
submanifolds and their characteristic foliations have been studied extensively 
in symplectic topology. The various rigidity properties that they exhibit have 
been of particular interest. For example, in [7] Ginzburg initiated a program 
for studying rigidity of coisotropic intersections. In this paper, we prove 
that coisotropic submanifolds, along with their characterisitic foliations, are 
C°— rigid in the spirit of the Gromov-Eliashberg Theorem. 

The Gromov-Eliashberg Theorem states that a diffeomorphism which is a 
C°-limit of symplectomorphisms is itself symplectic. Motivated by this, sym- 
plectic homeomorphisms are defined as C°-limits of symplectomorphisms 
(see Definition PTT]) . Area preserving homeomorphisms, and their products, 
are examples of symplectic homeomorphisms. Here is our main result. 

Theorem 1. Let C be a smooth coisotropic submanifold of a symplectic man- 
ifold (M, u) . Let U be an open subset of M and 6: U — > V be a symplectic 
homeomorphism. If6(CPiU) is smooth, then it is coisotropic. Furthermore, 
6 maps the characteristic foliation ofCPiU to that of Q(C H U). 
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An important feature of the above theorem is its locality: C is not as- 
sumed to be necessarily closed and 9 is not necessarily globally defined. Here 
is an immediate, but surprising, consequence of Theorem [TJ 

Corollary 2. If the image of a coisotropic submanifold via a symplectic 
homeomorphism is smooth, then so is the image of its characteristic foliation. 

Theorem [T] uncovers a link between two previous rigidity results and 
demonstrates that they are in fact extreme cases of a single rigidity phe- 
nomenon. 

One extreme case, where C is a hypersurface, was established by Opshtein 
|22| . Clearly, in this case, the interesting part is the assertion on rigidity of 
characteristics, as the first assertion is trivially true. 

Lagrangians constitute the other extreme case. When C is Lagrangian, its 
characteristic foliation consists of one leaf, C itself. In this case the theorem 
reads: If 9 is a symplectic homeomorphism and 9(C) is smooth, then 9(C) 
is Lagrangian. In Laudenbach-Sikorav proved a similar result: Let 

L be a closed manifold and tk denote a sequence of Lagrangian embeddings 
L — >• (M,u) which C® -converges to an embedding i. If i(L) is smooth, then 
(under some technical assumptions) l(L) is Lagrangian. On one hand, their 
result only requires convergence of embeddings while Theorem [T] requires 
convergence of symplectomorphisms. On the other hand, Theorem[T]is local: 
It does not require the Lagrangian nor the symplectic manifold to be closed. 

The above discussion raises the following question. 

QUESTION. What can one say about C°-limits of coisotropic embeddings 
and their characteristic foliations? 

We would like to point out that Theorem [1] is a coisotropic generalization 
of the Gromov-Eliashberg Theorem. Indeed, it implies that if the graph of 
a symplectic homeomorphism is smooth, then it is Lagrangian. 

Theorem [1] allows us to define C°-coisotropic submanifolds. Below, we 
assume that R 2n is equipped with the standard symplectic structure. Recall 
that every coisotropic submanifold of codimension k is locally symplecto- 
morphic to 

C = {(xi,. . .,x n ,y 1 , ...,y n )\ (y n -k+i, ■ ■ ■ , Vn) = (0, • • • , 0)} C R 2n . 
See [H Proposition 13.7] and |8]. 

Definition 3. A codimension-k C° -submanifold C of a symplectic manifold 
(M,tj) is C°-coisotropic if around each point p £ C there exists a C°- 
coisotropic chart, that is, a pair (U, 9) with U an open neighborhood of p and 
9: U — > V C K 2n a symplectic homeomorphism, such that 9(C(lU) = CodV. 
A codimension-n C°-coisotropic submanifold is called a C°-Lagrangian. 

EXAMPLE. Graphs of symplectic homeomorphisms are C°-Lagrangians. 
Graphs of differentials of C 1 functions and, more generally, graphs of C° 
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1-forms, closed in the sense of distributions, provide a family of non trivial 
examples, see Appendix IB1 for a proof. 

Conversely, we could ask whether every continuous 1-form whose graph 
is a C°-Lagrangian is closed in the sense of distributions. An affirmative 
answer in a particular case appears in Viterbo |25[ Corollary 22]. 

We will denote by J~o the characteristic foliation of Co and by 
Faip) = {(^l) • • • ,Xn-k,t n - k+ i, ■ ■ ■ ,t n ,yi, . . . ,y n _ fc+ i,0, . . . ,0) | 

(tn-k+l, ■ ■ ■ ,tn) € B^'} 

the leaf of To passing through p = (x±, . . . , x n ,yi, . . . , y n _ fc , 0, . . . , 0). 

As a consequence of Theorem [TJ (7°-coisotropic submanifolds carry a 
(C -) characteristic foliation in the following sense. 

Corollary 4. Any C° -coisotropic submanifold C admits a unique -foliation 
J- which is mapped to J~o by any -coisotropic chart. 

EXAMPLE. If C = 0(C), with C a smooth coisotropic submanifold and 6 a 
symplectic homeomorphism, then T = 9 (J 7 ') where T 1 is the characteristic 
foliation of C . 

One may wonder if every topological hypersurface is C°-coisotropic. It 
is possible to show, via an application of Corollary |4l that the boundary 
of the standard cube in M 4 does not possess a C°-characteristic foliation, 
and hence, it is not C°-coisotropic. This, in particular, implies that it is not 
possible to map the boundary of the sphere to that of the cube by symplectic 
homeomorphisms . 

Corollary 5. A smooth C® -coisotropic submanifold is coisotropic and the 
natural -foliation it carries coincides with its characteristic foliation. 

As we shall see, the proof of Theorem Q] relies on dynamical properties of 
coisotropic submanifolds. In particular, we use C°-Hamiltonian dynamics 
as defined by Miiller and Oh [21J. To the best of our knowledge, this is the 
first extrinsic application of this recent, yet promising, theory. 

Following |21| , we call a path of homeomorphisms (j) t a hameotopy if there 
exists a sequence of smooth Hamiltonian functions such that the isotopies 
(ffjj C°-converge to <j> and the Hamiltonians C°-converge to a continuous 
function H (see Definition [T2]) . Then, H is said to generate the hameotopy 
(f) t , and to emphasize this we write <$ H \ the set of such generators will be 
denoted C^ am . A foundational result of C°-Hamiltonian dynamics is the 
uniqueness of generators Theorem (see |25^ 13]) which states that the trivial 
hameotopy, 0* = Id, can only be generated by those functions in Cg am which 
solely depend on time (see also Corollary [7] below) . 

Recall the following dynamical property of smooth coisotropic submani- 
folds: Let H G C°°(S 1 x M), H\c is a function of time if and only if <j>jj 
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(preserves C and) flows along the characteristic foliation of C . By flowing 
along characteristics we mean that for any point p € C and any time t ^ 0, 
(fy (p) € J~(p) , where J-(p) stands for the characteristic leaf through p. The 
following result, which plays an important role in the proof of Theorem [H is 
a C°-analog of the above. 

Theorem 6. Denote by C a connected and closed C° -coisotropic submani- 
fold of a symplectic manifold (M, oj). Let H € C^ am with induced hameotopy 
(f)H- The restriction of H to C is a function of time if and only if 4>h "pre- 
serves C and flows along the leaves of its characteristic foliation. 

This result answers a question raised by Buhovsky and Opshtein who 
asked if the above holds in the particular case where C is a smooth hy- 
persurface. It also drastically generalizes the aforementioned uniqueness of 
generators Theorem. Indeed, if C is taken to be M, then the characteristic 
foliation consists of the points of M and the theorem follows immediately: 

Corollary 7. H 6 Cg is a function of time if and only if $ H = Id. 

When C is a C°-L agrangian, Theorem [6] states that: The restriction of 
H to L is a function of time if and only if <f) H (L) = L for all t. Interestingly 
enough, the general case of both Theorems Q] and [6] will be essentially deduced 
from the a priori particular case of Lagrangians. This is, most probably, a 
C° manifestation of Weinstein's creed: "Everything is a C°-Lagrangian sub- 
manifold!" 

The results of this paper establish C°-rigidity of coisotropic submani- 
folds together with their characteristic foliations. It would be interesting 
to see if isotropic or symplectic submanifolds exhibit similar rigidity prop- 
erties: If a smooth submanifold is the image of an isotropic (respectively 
symplectic) submanifold under a symplectic homeomorphism, is it isotropic 
(respectively symplectic)? Note that if in these questions one considers, in- 
stead of symplectic homeomorphisms, (7 -limits of isotropic (respectively 
symplectic) embeddings then Gromov's results on the /i-principle provide 
negative answers in general. In short, isotropic and symplectic embeddings 
are not C°-rigid. (See Section 3.4.2], or [3 Theorems 12.1.1 and 12.4.1].) 

Main tools: Lagrangian spectral invariants. In order to prove the main 
results, we use the theory of Lagrangian spectral invariants. One conse- 
quence of this theory is the existence of the spectral distance 7 on the space 
of Lagrangians Hamiltonian isotopic to the 0-section in cotangent bundles 
introduced by Viterbo in |24|H 

More precisely, we establish inequalities comparing 7 to a capacity re- 
cently defined by Lisi-Rieser |15j . This capacity, which we denote by clr, is 
a relative (to a fixed Lagrangian) version of the Hofer-Zehnder capacity. We 



One of the main features of 7 is that it is bounded from above by Hofer's distance on 
Lagrangians. In particular, Lemmas [S] and [5] also hold with 7 replaced by Hofer's distance. 
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will now define clr- Fix a Lagrangian L. Recall that a Hamiltonian chord 
of a Hamiltonian H, of length T, is a path x: [0, T] —> M such that x(0), 
x(T) £ L and for all t € [0,T], x(t) = X t H (x(t)). A Hamiltonian is said to 
be L-slow if all of its Hamiltonian chords of length at most 1 are constant. 
We denote by H(U) the set of admissible Hamiltonians, that is, smooth 
time-independent functions with compact support included in U, which are 
non-negative and reach their maximum at a point of L. For an open set U 
which intersects L, the relative capacity of U with respect to L is defined as 

clr(U; L) = sup{max/ | / € H(U) L-slow} . 

For instance, if B is the ball of radius r in M 2n and Cq = W L x {0}, then 

clr(-B; -Co) = 

In what follows, we denote by Lq the 0-section of T*L. The first energy- 
capacity inequality used in this paper is the following: 

Lemma 8. Let L be a smooth closed manifold. Let U- and U+ be open sub- 
sets ofT*L, so that U± H Lq ^ 0. Assume that clr(£/-;Lo) = c lr(L+; Lq) 
and let C± be real numbers such that C± > c\ j r(U±; Lq) . If a compactly 
supported Hamiltonian H satisfies H\u ± = =LC±, then 7(<^(Lo), Lq) ^ 
clr(U±;L ). 

This is the Lagrangian analog of the energy-capacity inequality proven 
for the Hamiltonian spectral distance in |10[ Corollary 12]. Then, as in |10| . 
we will derive a similar inequality for Hamiltonians (not necessarily constant 
but) with controlled oscillations on U±, see Corollary 1151 

Lemma [8] can also be established on compact manifolds for weakly exact 
Lagrangians via Leclercq |12) and for monotone Lagrangians via Leclercq- 
Zapolsky |13| . 

The second energy-capacity inequality is due to Lisi-Rieser [15]. This is 
a relative version of the standard energy-capacity inequality, see for example 
Viterbo pi] . 

Lemma 9. Let L be a smooth closed manifold. Suppose that U is an open 
subset ofT*L, with LqHU ^ 0. Assume that V is a Lagrangian Hamiltonian 
isotopic to Lq such that V n U = 0. Then ^(L\Lq) ^ c\ j r_{U;Lq). 

A special case of this specific inequality appears in Barraud-Cornea |T] 
and Charette [3]. A similar inequality is worked out in Borman-McLean [2|. 

Finally, we will need an inequality which provides an upper bound for the 
spectral distance. Let g denote a Riemannian metric on a closed manifold 
L and denote by T*L = {(q,p) £ T*L \ \\p\\ g ^ r} the cotangent ball bundle 
of radius r. Suppose that ^(Lq) C T*L for all t € [0,1]. Viterbo has 
conjectured |26| that there exists a constant C > 0, depending on g, such that 
'){4> 1 h {Lq),Lq) ^ Cr. This conjecture has many important ramifications; see 
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|17[ I26| . Lemma [TU1 below is a special case of Viterbo's conjecture; a more 
precise version of the lemma appears in |20[ Theorem 9.7]. 

Lemma 10. Let L be a smooth closed manifold, V a proper open subset of 
L, and V = 7r _1 (V) C T*L, where ir: T*L L is the standard projection. 
There exists C > 0, depending on the set V , such that: For all r > 0, if H 
is a smooth, compactly supported Hamiltonian on T*L such that H\y = 0, 
and <P h {Lq) C T*L for all t £ [0, 1] then 7 (^(Lo),L ) ^ Cr. 

Organization of the paper. In Section [21 we review the preliminaries on 
C°-Hamiltonian dynamics and Lagrangian spectral invariants. In Section 
we prove energy-capacity inequalities (Lemmas [8] and [9|) as well as the 
upper bound on the spectral distance (Lemma 1 10[) . In Section |4l we use 
these inequalities in order to prove localized versions of Theorem [6] in the 
special case of Lagrangians. In Section [5] we prove Theorems [1] and [6] and 
Corollaries H] and [5] using the results of Section |U 

In Appendix El we provide relatively simple, and hopefully enlightening, 
proofs of Theorems Q] and [6] in the special case of closed Lagrangians in 
cotangent bundles. We hope that this appendix will give the reader an idea 
of the proofs of the main results while avoiding the technicalities of Sections 
3] and [5j In Appendix [HI we prove that the graph of a closed C° 1-form is 
a C°-Lagrangian. 

Aknowledgements. We thank Samuel Lisi and Tony Rieser for sharing 
their work with us before it was completed and for related discussions. The 
inspiration for this paper came partly from an unpublished work by Lev 
Buhovsky and Emmanuel Opshtein, whom we also thank. We are especially 
grateful to Emmanuel Opshtein for generously sharing his ideas and insights 
with us through many stimulating discussions. We are also grateful to Alan 
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2. Preliminaries 

2.1. Symplectic and Hamiltonian homeomorphisms. In this section 
we give precise definitions for symplectic and Hamiltonian homeomorphisms 
and recall a few basic properties of the theory of continuous Hamiltonian 
dynamics developed by Miiller and Oh |21| . 

Given two manifolds M±, M2, a compact subset K C M\, a Riemannian 
distance d on M2, and two maps /, g: M\ — > M2, we denote 

dK(f,g) = sup d(f(x),g(x)). 

We say that a sequence of maps /j : M\ — > M2 C°-converges to some map 
/: Mi — > M2, if for every compact subset K C M\, the sequence dx(fi,f) 
converges to 0. This notion does not depend on the choice of the Riemannian 
metric. 
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Definition 11. Let (Mi,cji) and (M2,W2) be symplectic manifolds. A con- 
tinuous map 9: U — >■ M2, where U C M\ is open, is called symplectic if it is 
the C° -limit of a sequence of symplectic diffeomorphisms 9i\ U — >■ 9i(U). 

Let U\ C Mi and C/2 C M2 be open subsets. If a homeomorphism 9 : U± — > 
U2 and its inverse 9~ 1 are both symplectic maps, we call 9 a symplectic 
homeomorphism. 

Clearly, if 9 is a symplectic homeomorphism, so is 9~ l . By the Gromov- 
Eliashberg Theorem a symplectic homeomorphism which is smooth is a sym- 
plectic diffeomorphism. We now turn to the definition of Hamiltonian home- 
omorphisms (called hameomorphisms) introduced by Miiller and Oh |21| . 

Definition 12. Let (M, u) be a symplectic manifold and I C K an interval. 
An isotopy (4> t )t£i is called a hameotopy if there exist a compact subset K C 
M and a sequence of smooth Hamiltonians Hi supported in K such that: 

(1) The sequence of flows <f> t H _ C G 1 -converges to eft 1 uniformly in t on every 
compact subset of I, 

(2) the sequence Hi(t,-) C Q -converges to a continuous function H(t,-) 
uniformly in t on every compact subset of I. 

We say that H generates (f) 1 , denote (p 1 = <f) l H , and call H a continuous Hamil- 
tonian. We denote by Cji am (M, w) (or just C^ am/ ) the set of all continuous 
functions H : S 1 x M — > M. which, seen as functions defined on M x M , gen- 
erate hameotopies parametrized by R. A homeomorphism is called a hameo- 
morphism if it is the time-1 map of some hameotopy parametrized by [0, 1] . 

A continuous function H € C^ am generates a unique hameotopy |21j . 
Conversely, Viterbo |25] and Buhovsky-Seyfaddini [3] proved that a hameo- 
topy has a unique (up to addition of a function of time) continuous generator. 

One can easily check that generators of hameotopies satisfy the same 
composition formulas as their smooth counterparts. Namely, if (jr H is a 
hameotopy, then (</>^) _1 is a hameotopy generated by —H(t,cf) t H (x)); given 
another hameotopy </>^-, the isotopy (^h^k 1S a ^ so a hameotopy, generated 
by H{t,x) + K(t,{<j, t H )-\x)). 

Moreover, we will repeatedly use the following simple fact: If H € C'H am (^ r ) 
for some open set V in a symplectic manifold (M, to) and if 9 : U — > V is a 
symplectic homeomorphism, then H o 9 belongs to Cj^ am (?7) and generates 
the hameotopy 9~ 1 (p t H 9. This, in particular, holds for smooth H : S 1 x M — > 
R supported in V. 

2.2. Lagrangian spectral invariants. In [24], Viterbo defined Lagrangian 
spectral invariants on M 2n and cotangent bundles via generating functions. 
Then Oh |18| defined similar invariants via Lagrangian Floer homology in 
cotangent bundles which have been proven to coincide with Viterbo's in- 
variants by Milinkovic |16| . They have been adapted to the compact case 
by Leclercq |12] for weakly exact Lagrangians and Leclercq-Zapolsky |13| for 
monotone Lagrangians. However, for the type of problems which we consider 
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here (C°-convergence of Lagrangians), we can restrict ourselves to Weinstein 
neighborhoods and thus work only in cotangent bundles. We briefly outline 
below the construction of these invariants via Lagrangian Floer homology 
and collect their main properties in this situation. We refer to Monzner- 
Vichery-Zapolsky |17| which gives a very nice exposition of the theory. 

Let L be a smooth compact manifold, Lq denote the 0-section in T*L, and 
A the Liouville 1-form. To a compactly supported smooth time-dependent 
Hamiltonian H G C£°([0, 1] x T*L) is associated the action functional 

Ah : V(T*L) ->• R , 7 ^ J* H t (j(t)) dt - J 7* A 

where tt(T*L) = {7: [0,1] -> T*L | 7(0) G L , 7(1) G Lq}. The critical 
points of Ah are the chords of the Hamiltonian vector field Xh which start 
and end on Lq. The spectrum of Ah, denoted Spec(.4ff), consists of the 
critical values of Ah- It is a nowhere dense subset of R which only depends 
on the time-1 Hamiltonian diffeomorphism (p H . 

Following Floer's construction, for a generic choice of Hamiltonian func- 
tion, ctH^Ah) is finite and one can form a chain complex (CF*(H),dH,j) 
whose generators are the critical chords and whose differential counts the 
elements of the 0-dimensional component of moduli spaces of Floer trajec- 
tories (i.e pseudo-holomorphic curves perturbed by H) which run between 
the critical chords (with boundary conditions on Lq). The differential relies 
on the additional data of a generic enough pseudo-complex structure, J. 

This complex is filtered by the values of the action, that is, for a G R 
a regular value of Ah, one can consider only chords of action less than a. 
Such chords generate a subcomplex of the total complex CF^(H) (because 
the action decreases along Floer trajectories). We denote by i% the inclusion 
CF^(H) — > CF*{H). By considering homotopies between pairs (H,J) and 
(H', J'), one can canonically identify the homology induced by the respective 
Floer complexes H*(CF(H),dH,j) and H*(CF(H'),dH\j') and by consid- 
ering C 2 -small enough Hamiltonian functions, one can see that the resulting 
object HF*(Lq) is canonically isomorphic to the singular homology of L. 

Thus, one can consider spectral invariants associated to any non-zero 
homology class a of L, defined as the smallest action level which detects a: 

£(a; H) = inf{a G R | a G im(#*(i a ))} 

In what follows we will only be interested in the spectral invariants associated 
to the class of a point and the fundamental class which will be respectively 
denoted by £_(H) = £([pt];H) and £ + (H) = £([L];H). 

These invariants were proven to be continuous with respect to the C°- 
norm on Hamiltonian functions so that they are defined for any (not neces- 
sarily generic) Hamiltonian. Moreover, they only depend on the time-1 map 
4>jj induced by the flow of H; hence they are well-defined on Ham c (T*L, dX). 
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Their main properties are collected in the following theorem, which cor- 
responds to |17[ Theorem 2.20], except for ([?]) which we prove below. Note 
that, except for (OJ), these properties already appear in Viterbo |24| . 

Theorem 13. Let L be a smooth closed connected manifold. Let Lq denote 
the 0-section ofT*L. There exist two maps £±: Ham c (T*L, dX) — > M. with 
the following properties: 

(1) For any <j) G Ham c (T*L, dX), £±((fi) lie in Spec(.A^). 

(2) £-^£+. 

(3) For any two Hamiltonian functions H and K , 

Jo 1 mm(H t - K t ) dt ^ £±{4> l H ) - £±(4> l K ) ^ ft max(H t - K t ) dt. 

(4) For any (j) and <j>' G Ham c (T*L, dX), ^ £+((/)) + 

(5) For any <f> G Ham c (T*L, dX), £±(4>) = -l^' 1 ). 

(6) If H\l ^ c (respectively H\l ^ c or H\l q = c), then £±(4>\j) ^ c 
(respectively £±((/>jj) ^ c or £±{4> l H ) = c). 

(7) If f is a Lq-sIow admissible Hamiltonian, then £+((j)\) = max(/|^ ) 
and £-(4>}) = 0. 

(8) For any (j) and (j)' G Ham c (T*L, dX) such that </>(Lo) = ^>'{Lq), 
£+(<!>) -£-(<!>) =£+(<f/)- £-(<//). 

Proof of item ([?j). Since / is Lo-slow, Spec(^j.) consists of critical values of 
/ corresponding to critical points lying in Lq. Now for all s G [0,1], since 
/ is autonomous, Spec(0j) = Spec(<^) = s ■ Spec(^). Since in cotangent 
bundles spectral invariants lie in the spectrum regardless of degeneracy of /, 
by continuity of £± there exist p± G crit(/)nLo such that £±{4» s j) = s- f(p±)- 
Now for small times s, sf is C 2 -small and thus £ + (<f>^) (respectively £-{(f)^)) 
is the maximum (respectively the minimum) of sf so that f{p+) = max(/) 
(respectively f(p~) = min(/)). □ 

In view of Property f3|), Viterbo (followed by Oh) derived an invariant 7 
of Lagrangians Hamiltonian isotopic to the 0-section, defined as follows. 

Definition 14. For a Hamiltonian diffeomorphism (j) G Ham c (T*L, dX) we 
set j(4>) = £+{4>) — £—(4>) an d f or a Lagrangian L Hamiltonian isotopic to 
the 0-section, we set j(L,Lq) = 7(</>) for any eft G Ham c (T*L, dX) such that 
HLo) = L. 

From the properties of spectral invariants, it is immediate that for all (f> 
and ip G Ham c (T*L, dX), ^ j(H>) < 7(^+7^), and that j(<f>) = 7(<^~ 1 ). 
Moreover, j(L, Lq) = implies L = Lq as proven in [24] . 

The main property of 7 which will be used in what follows is the fact that 

(!) 70h(£o),£o) = i(4>h) < max (osc(# t | L() )) 

te[o,i] 
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where osc(i^|i ) = max(Ht) — mm(Ht). This inequality can be directly 
derived from Property (OJ) of Theorem [131 Note that this yields 
Vt GM, 7 (0*°(L o ),L o ) <*o- max (osc(fl" t | io )). 

t€[0,to] 

3. Energy-capacity inequalities 

3.1. The energy-capacity inequality for Hamiltonians constant on 
open sets. We prove Lemma[8]by mimicking the proof of the corresponding 
inequality in |10| (here for Lagrangians, in the easier world of aspherical 
objects). Then we prove a corollary which will be used in the proof of the 
main result. 

Proof of Lemma\M First, assume that 0. Then for any admissible 

Lo-slow function with support in U+, f € H(U+), we define the 1 -parameter 
family of Hamiltonians H s (t,x) = H(t,x) — sf(x) with s £ [0, 1]. Since H 
is constant on [7+, H s generates (f>jj^ = (j>jj(f>J s ■ By triangle inequality and 
duality (i.e Properties and |5p) of spectral invariants, we get 

(2) £+((/>}) ^ £+(^1) +£+(<&) = i+ifa-i-tek) ■ 

Then notice that 

Spec(A Hs ) = Spec(A H ) U {C+ - sf(p) \p 6 crit(/) n U+} . 

Since for all p S crit(/) n U+, sf(p) ^ max(/) ^ clr(L+;Lo) < C + , the 
non-positive spectrum of Ah s , Spec_(*4# s ) = Spec(-4f/ s ) PI M_, does not 
depend on s and coincides with Spec_(*4#) which is totally discontinuous. 
Since the map s h-> £-{4>h ) ^ s continuous and maps to Spec_(.4f/), it 
has to be constant. Thus ^— ) = £~{4>\j) and, from ([2]), Property $7\) of 
spectral invariants immediately leads to 

max(/) = £ + (4>)) ^ - £_(<^) = 7 (^(Lo),L ). 

Since this holds for any Lo-slow function in %(£/+), we get ^(^(Lq), Lq) ^ 
clr{U + ;L ). 

Now, assume that £-{4> l H ) ^ and consider H(t,x) = -H(t, ^(x)). By 
assumption, <f> l H is the identity on U— and = —H\u_ = C_. Since L? 

generates (/>^ = (</>#) _1 , 

£_(^) = -M$r) < < o. 

Then the first case gives that "f((j>g) ^ clr(£7_;Lo) which concludes the 
proof since ^(4>g) = 7(<£#) = 1(^h( l o), Lq). □ 

From this (and as in |10| ) we infer the same result but for Hamiltonian 
functions which are allowed to have controlled oscillations on U±. 

Corollary 15. Let L be a smooth closed manifold. Let U~ and U+ be 
open subsets ofT*L such that U± D Lq ^ 0. Assume that clr(LL;Lo) = 
c lr(U+',Lq). Let H be a Hamiltonian so that for all t in [0, 1] 
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(1) vcd{H t \u+) > clr(U±;L ), and sup(H t \u^) < -c LR (U±; L ), 

(2) osc{H t \ u± ) < ^c LR (U±;L ). 
Then, -y(<p l H (L ), L ) ^ gC LR (t/ ±; L Q ). 

Proof. Fix e > 0. We choose disjoint open subsets V± such that U± <s V± 
(with <s denoting compact containment) and oscy ± (i?) < oscu ± {H) +e. We 
also choose cut-off functions p± with support in V±, such that ^ p± ^ 1 
and p±\u± = 1- Then we define 

h = H- p + (H - C+) -p~(H + C-) 
with C + = inf(iy|r 0jl ] xt/+ ) and C_ = — sup(i? |[ 0) i] X [/_). By triangle inequal- 
ity, we get j(<pjj) 7 (0^) ~~ 7((0//)~ 1 0/i) an d we now bound the right-hand 
side terms. 

First, notice that h satisfies the requirements of Lemma [HJ h\u ± = ±C± 
with by assumption 

C+ > clr(U±;L ), and C_ > clr(U±;L ). 

Thus we immediately get that 7(0i) ^ clr(£^±; -^o)- Now by Inequality (Q30, 

7((0h)" 1 ^) < osc Lo ((# - h) o (^y 1 ) < oscy_ uy+ (^ - ft) 

so that 

7((^)"Va) < osc y+ (p + (H - C + )) + oscy_ (p_(iJ + C_)) 

^ oscy + (iJ) + oscy_ (H) ^ osc;7 + (H) + osc;y_ (iJ) + 2e 

< ^c LR (f/ ± ;L ) +2e. 

So 7 (0^(Lo), L ) > lc LR (U±; L Q ) - 2e for any e > 0. □ 

3.2. The energy-capacity inequality for Lagrangians displaced from 
an open set. We give a proof of Lemma [9] from Lisi-Rieser |15j . for the 

reader's convenience. The method of proof is now classical and goes back to 
Viterbo |24] (see also Usher's proof of the analogous result |23| for compact 
manifolds, itself heavily influenced by Frauenfelder-Ginzburg-Schlenk [6]). 
Recall that in cotangent bundles the spectral invariants only depend on the 
endpoint of Hamiltonian isotopies; this drastically simplifies the proof. 

Proof of Lemma{^[ Assume that 0^(Lo)nC7 = 0. Choose a Lrj-slow function 
/ in 7i{U). For s € [0,1], consider the Hamiltonian diffeomorphism 4>lj4>]j- 
It is the end of the isotopy defined as the concatenation 

t _( <f%, te [0,1/2], 
I 4>ffV H , te [1/2,1). 

An Hamiltonian chord of 9 is a path t i— > j(t) such that 7(0) € Lq, 7(1) € Lq 
and for all t, 7(f) = 6 t ( r y(0)). In particular, for such a chord, <^0#(7(O)) G 
Lq. However, since by assumption <fijj(Lo) fl supp(s/) = 0, necessarily 

2 In the next few lines we loosely denote max tg [ 0i i] osc(ft\u) by oscu(f) for readablity. 
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^(7( )) is not in tlie support of / and -y(t) = ^(7(0)) for all t < 1/2 
and remains constant j(t) = ^(7(0)) for t ^ 1/2. 

This means that for all s, the set of Hamiltonian chords remains con- 
stant and so does Spec(<^</>^). Since this set is nowhere dense and £ + 
is continuous (and takes its values in the action spectrum), the function 
s 1 — y £^.((pgj:<pjj) is constant so that £+(cj)jj) = £^{<j)\(j)\j) . Thus, 

£+(<%) ^ M#$r) +M(^r) _1 ) = e+i^-e-^H) = 7 (^) 

by Properties ^ and ([5]) of spectral invariants. Since this holds for any 
Lg-slow function / G ~H(U) and since for such a function max(/) = £ + (^>j.) 
by Property FT)) of spectral invariants, the result follows. □ 

3.3. An upper bound for the spectral distance. In this section we prove 
Lemma [10] which establishes Viterbo's conjecture in a special case. The fact 
that Viterbo's conjecture holds under the additional assumptions of Lemma 
[TOl seems to be well known to experts; we provide a proof here for the sake 
of completeness. 

Proof of Lemma[Wi Note that since ^(L ) C T*L for all t G [0, 1], modify- 
ing H outside of T*L leaves 4>\j{Lq), and hence 7(<^(Lo), Lq), unchanged. 
Therefore, by cutting H off outside of T*L and replacing r with 2r we may 
assume that H is supported inside T*L \ V . 

Pick / : L — > M. to be a Morse function on L whose critical points are all 
contained in the open set V. Because / has no critical points inside L \ V, 
we may assume, by rescaling, that 

(3) \W\L\v\\g>1~ 

Let j3: T*L — > K denote a non-negative cutoff function such that /3 = 1 
on TftL, where R is picked so that R » r. Let F = /3vr* / : T*L -> R. By 
picking R to be sufficiently large, we can ensure that, for t G [0, 1] and (q,p) 
in a neighborhood of T*L, the Hamiltonian flow of F is given by the formula 

</>f(Q,P) = {q,P + tdf(q)). 

This, combined with ([3]), implies that <pp(q, 0) ^ T*L for any t > r and any 
point q G L\V. Hence, we see that ^(Lq) is outside the support of H for 
any t > r. Therefore, <f>\j^p{Lo) = <f>p(Lo), and so 

7 ^Uf(L ),L ) = 7 (<$-(L ),£o) < 2rosc(F) = 2rosc(/). 

The Hamiltonian diffeomorphism 4>\j4> 2 p is the time-1 map of the flow of 
G(t,x) = H(t,x) + 2rF((f> t H (x)). Using Property from Theorem EG2 we 
obtain that 

min(2r-F) ^ £±((/)h4> f ") - £±((t*H) < max(2rF), 

from which we conclude that \'y(4 > H ( p'p (Lq), Lq) — 7 ((^(Lo), Lq)\ ^ 2rosc(i ? ) = 
2rosc(/). The result follows with C = 4osc(/). □ 
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4. Localized results for C-Lagrangians 

Recall from Definition [3] that L is called a C°-Lagrangian if around each 
point p E L there exists a C° -Lagrangian chart, that is, a symplectic home- 
omorphism 9: U —¥ V C R 2n , with U open neighborhood of p, so that 
9(L n U) = C n T/ where 

£o = {(xi, • • • ,x n ,yi, . . . ,y n ) | (yi,. . . ,y n ) = (0, . . . , 0)} . 

The main goal of this section is to establish a suitable localized version 
of Theorem [6] for C°-Lagrangians; since we seek localized statements we do 
not assume that the C°-Lagrangians in question are necessarily closed. Not 
surprisingly, in this new setting Theorem [6] does not hold as stated. The 
localized results of this section, which have more complicated statements 
and proofs, are more powerful and they constitute the main technical steps 
towards proving Theorems [1] and [6j 

We prove the analog of the direct implication of Theorem [6] in Section 
14.11 The analog of the converse implication is proven in Section 14.21 Since 
L is a C°-Lagrangian, its C°-characteristic foliation has a single leaf, which 
is L itself, and thus the results of this section make no mention of C°— 
characteristic foliations. 

4.1. C° Hamiltonians constant on a Lagrangian preserve it. In this 
subsection, we show that if the restriction of H E Cj^ am to a (not necessarily 
closed) C°-Lagrangian L is constant, then the associated hameotopy 4>h 
preserves L, locally. More precisely, 

Proposition 16. Let L C M denote a C° -Lagrangian (not necessarily 
closed) and H E CH am with associated hameotopy 4>h- If H\l = c(t), a 
function of time, then for any point p £ L there exists e > such that 
(pjjip) € L for all t £ [0,e]. 

Our proof of the above proposition will use the following lemma on the 
local structure of C°-Lagrangians. 

Lemma 17. Let L C M denote a C° -Lagrangian. Around each point p E L 
there exists a C° -Lagrangian L p C L and a C° -Lagrangian chart (U, 6) such 
that Lp is compactly contained in U , and 0(L p ) C T C 0(U), where T denotes 
a Lagrangian torus in M. 2n . 

Proof. Let (U, 9) denote a C°-Lagrangian chart around p such that 0(U) = 
{(xi,yi) | - a < Xi, yi < a} and 9(L n U) = {(xi,yi) \ - a < Xi < a, y, = 0}. 
Let L p = 6> _1 ({(xj, yi) \ — | ^ x\ ^ |, j/j = 0}). Then, for all k, the projection 
oi9(L p ) onto the Xk coordinate is the interval [— |, |] which can be completed 
to a smooth embedded loop, say Tfc, in the {xk,yk) plane. Furthermore, we 
can ensure that is contained in the projection of 9(U) onto the {xk,yk) 
plane. We set T = T x x • • • x T n . □ 

Proof of Proposition[TR By replacing H by H — c{t) we can suppose that 
H\l = 0. Apply Lemma [17] to obtain L p as described in the lemma and 
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note that by replacing L with L p we may make the following simplifying 
assumption: 

L is a C° -Lagrangian covered by a C° -Lagrangian chart (U,9) such that 
9(L) C T C 9(U) where T is a (standard) Lagrangian torus in R 2n . 

We will now prove the proposition under this simplifying assumption. Let 
Hi : [0, 1] x M — > R denote a sequence of smooth Hamiltonians such that Hi 
converges uniformly to H and (\>n i converges to in C°— topology. Take 
W <s V to be proper open subsets of U such that 

(4) p £ W H L and V<1 (9~ 1 (T) \ L) = 0. 

Recall that the symbol <s denotes compact containment and V denotes the 
closure of V. Denote by (3 : M — > R a cutoff function such that /3 is supported 
in £/, /3|y = 1, and /3|e- 1 (T)\L = 0- By shrinking V, if needed, we may assume 
that 9 maps the support of /3 into a Weinstein neighborhood of T. 

Let Gi = f3Hi and G = (3H. Observe that Gi converges uniformly to G, 
G\e-i{T) = 0- We pick e > such that 

(5) vte[o,e], 4> t H (w)cv. 

For i large enough <^#. (W) C V for all t G [0, e]. Since, Gj|v = #i|v we 
conclude that, for large i, 

(6) V(t, x) G [0, e] x W, 0^ = 0k- 

For a contradiction, suppose that (j)^(p) is not contained in L for some 
to G [0,e]. From fl4j) and © we conclude that </>#(p) ^ _1 (T). Hence, we 
can find a small ball B <Z W around p which intersects 9~ 1 (T) non-trivially 

and such that ^(B) n 9~ 1 (T) = 0. Hence, for i large enough, we have 
<(>%{B) n 9~ l (T) = 0. From © we get that 4>q,(B) n fl-^T) = 0. 

Now, let Fi = Gi o 9 _1 , and i* 1 = G o 9~ l . The sequence converges 
uniformly to F and F|t = 0. Furthermore, = 9(f) t Q,9~ 1 . Hence, it follows 
that {9(B)) n T = 0. This is, of course, equivalent to 

(7) (^)- 1 (T)n^( J B) = 0. 

We picked j3 such that the Hamiltonians F{ all have support in a We- 
instein neighborhood of T. Hence, we can pass to T*T, and work with 
the Lagrangian spectral invariants of the 0-section Tq, associated to these 
Hamiltonians; see Section [2.21 From ([7|) and Lemma [9j we get that 

y(</>%(T ),T ) = 7 ((^)- 1 (r ),r ) > CLR(6»(B);r ) > 0. 

Inequality ([1]) from Section T2.2I implies that 

t • max (osc(Fi(t,.)|2b)) > clr{9(B);T ). 
te[o,t ] 

Since Fi converges uniformly to F, the same inequality must hold for F but 
this contradicts the fact that F\t = 0. □ 
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4.2. C Hamiltonians preserving a Lagrangian are constant on it. 

In this subsection, we show that if H £ CH am generates an hameotopy <pn 
which (locally) preserves a C°-Lagrangian L then, the restriction of H to L 
is (locally) constant. More precisely, 

Proposition 18. Let L C M denote a C° -Lagrangian, IA an open subset of 
L, and H £ C^am with associated hameotopy 4>h- Suppose that ^(U) C 
L for all t £ [0,1] and let V denote the interior of n 4g [o,i] ( / , /f (^0- Then, 
H(t, -)|v is a locally constant function for each t £ [0, 1]. 

We were recently informed by Y.-G. Oh that it is possible to extract the 
above proposition from |19[ Theorem 4.9]; the techniques of |19| are different 
than ours. 

Our proof of the proposition uses the following consequence of Corollary 
PT5l This result can be viewed as a Lagrangian analog of the uniqueness of 
generators Theorem |10|. Theorem 2] . The argument presented here is similar 
to the proof of the mentioned uniqueness theorem. 

Proposition 19. Let L be a smooth closed manifold and {H^}/. a sequence 
of smooth, uniformly compactly supported — that is, there exists a compact K 
such that Ufcsupp(ff/c) C K — , Hamiltonian functions on T*L so that 

(1) for all t £ [0, 1], 7((/>^ (Lq),Lq) converges to 0, and 

(2) {Hk}k uniformly converges to a continuous function H. 
Then, H restricted to Lq is a function of time. 

Proof. If -ff|[o,i]xL i s n °t a function of time, there exist to and x+, x_ £ Lq 
such that Ht (x+) > Hf (x-). Up to a shift (and cutoff far from K), we can 
assume that H to (x + ) = —H to (x_) = A > 0. 

Now, notice that there exist 5q £ (0, 1] and ro > such that J s ° = [to, io + 
5q] C [0, 1] and that there exist symplectically embedded balls, centered at 
x±, B± = i±(-Bc n (0) r o))) with real part mapped to Lq, which are disjoint 
and such that 



with M + 0,r ° = supjs 0xB r o(H) and M_°' r ° = — inf js xB 'o (H ). To ensure 
that ([SI) holds, choose ro and 5o small enough such that 

sup (H) ^ H to (x + ) + r] and inf (H) ^ H to {x-) - rj 

jSoxB r + ° J 6 oxB r _° 

with r, = A Then A ^ M^' ro A + 77, so that \M S + °' r ° - M S _°' r °\ ^ V = 
and ([8]) follows. 

For r ^ ro, we denote by B± C B± the embeddings of the smaller balls, 
i-t(.Bc« (0, r)), and by J s = [to, to + 5] for 5 ^ 5q- Note that the previous 
properties continue to hold for any choice of r ^ ro and 5 ^ So- 
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Now, assume that 5 ^ 5q and r ^ ro are small enough such that 
inf (H) > -M & / and - sup (H) > -M & _f 

J*XB$ 5 jS xB r_ 5 

(this can be achieved since these inequalities hold for 5 = and r = and 
H is continuous). We fix such 5. 

2 

Notice that clr(-B+;^o) = clr(-B-;£o) — ^ (we denote this com- 
mon value clr(-B±; Lq)) an d that we can choose r small enough such that 

clr(-B±;L ) < £|A which yields clr(-B±; Lo) < c>fMj : ' r . Now that r is also 
fixed, we remove 5, r from the notation and we choose a such that 

8a _ / 5 1 4 1 \ /5 1 4 1 



c LR (B±;L ) \4M + ' 3 M + J 

Notice that a < 1 and define by Fk{t,x) = a5H^{tQ + aSt,x) and i 7 
accordingly. By our choices of constants, 

4 

inf(F) > CLR.(jB±;Lo) and sup(F) < -c LR (B±;L ) 

B+ B + o 

which, in particular, implies that oscb + (F) < jClr(-B±; Lq). Equivalently, 
on B- we obtain 

-sup(F) > clr(B ± ; Lq) and osc B _(F) < - c L r(-B±; L ) . 
B- 3 

Thus, by Corollary E3 7 (4( L o), Lq) > \c hK (B ± -L ). Since {F k } C°- 
converges to F, by Property J3]) of spectral invariants, 7(0^, (Lo), ^o) i s 
uniformely bounded away from (say by |clr(-B±;^o) for k big enough). 
However, <pp = 0# +<7<5 (0# ) _1 so that, by Properties ([^]) and |3]) of spectral 



invariants, 



7(^(^0)^0) = 7 (*k) < +7«<r 1 ) = 7(< +ct5 ) +t«; 

^(L ),Lo) + 7«, 



< 7 (<^(L ),L ) + 1 {<j>\{L ),L Q ) 

which goes to when k goes to infinity because of Assumption (1) and we 
get a contradiction. □ 

Proof of Proposition\18[ Pick a point p € V and let (U,9) denote a C°— 
Lagrangian chart around p such that 6(LC\U) = {(xi, yi) \ —a<Xi < a,tji = 
0}. Furthermore, by shrinking U if needed we may assume that L n U C V. 
We will show H(t, ■) is constant on LCl U. For a contradiction, suppose that 
there exists q € L n U and i £ [0, 1] such that H(to,p) 7^ H(to,q). 

First, note that, up to time reparametrization, we may assume that 
H(0,p) 7^ H(0,q). Indeed, replace H with H(t,x) = aH{to + at,x) where 
a = 1 — to- The time-t flow of H is given by the expression: <^f +a * (</>#) _1 - 
Let U = (f)jj(U). Then, L DU is contained in the interior of n fe [o ; i]<?i>^-(W) 
and H(0,p) / £T(0,g). 
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Let B denote an open neighborhood of p, q which is compactly contained 
in U. Pick a symplectic homeomorphism ip supported in B such that ip 
preserves L and ip(p) = q. Such symplectic homeomorphism can be con- 
structed as follows: Because 9(L n U) = {(xi,yi) \ — a < xi < a,yi = 0}, we 
can find a symplectomorphism <p of R 2n such that <p 1S supported in 9(B), 
<p(9(p)) = 9(q), and cp preserves {(xi,yi) | y% = 0}. In particular, (p preserves 
9(LC\U). Let ip = 9~ l cj)9. 

Next, we pick e > such that (^) _1 (-B) d *7 for all i € [0, e]. By 

a reparametrization in time, where H is replaced with H(t,x) = eH(et,x), 
we may assume that ^ H (B), <s [/ for all t G [0, 1]. 

Consider the continuous Hamiltonian G = (Hoip—H)o<p H . It is supported 
m Uj e [o,i](<^4/) _1 (-B) C ?7, and moreover, the flow of G is ((p 1 ^)^ 1 ^ 1 ^^. 
We will now prove that this flow preserves L globally. Note that the flow is 
supported in U and pick x € LdU. Since HU) C L, and ip, ip -1 both 

preserve L, we see that (jr H %l)(x) € L. First, suppose that ^> H ^{x) ^ i?. Then, 
is outside the support of ip~ l and so (fitr) ^ (f> t H 'ip(x) = tp(x) 
which is in L. Next, suppose that 4>Hij(x) £ B (1 L. Then, ip- 1 <^ H ij){x) G 
B (1 L, and so it suffices to check that PlL) C I: this is because 

B n L C V C n f6 [ O) i]0fl-(W), and hence, (^)~ 1 ( J B D L) CU C L. We have 
proven that the flow of G preserves L globally. 

Note that G\LnU is n °t a function of time only: G(0,p) = H(0,q) — 
H{0,p) ^ and G = near the boundary of U. Hence, we have obtained 
a C°-Hamiltonian G, supported in U, such that its flow <pQ preserves L 
globally, but G(0, •) is not constant on L (III. Because G G Gy am there exist 
smooth Hamiltonians Gi such that {Gi} converges uniformly to G and {<pGi} 
converges to (pQ. Furthermore, we can ensure that all G{S are supported in 
U. This can be achieved by picking a corresponding sequence of smooth 
Hamiltonians Hi for H and defining Gi = (Hi o ip — Hi) o 4>Hi- F° r large i, 
Gi is supported in U. 

Now, let F = G o 9~ l and Fi = Gi o 9" 1 ; we extend these functions to all 
of M. 2n by setting them to vanish outside of 9(U). Recall that 9(L D U) = 
{(xi,yi) | — a < Xi < a,yi = 0}; hence we can find a Lagrangian torus T 
in R 2n such that T D 9(U) = 9(L D U). The Hamiltonian F is supported 
in 9(U) and it generates the hameotopy 9<p t G 9~ 1 , which preserves 9(L H U), 
and hence it preserves the Lagrangian torus T. But F is not constant on T: 
F(0, 6»(p)) / 0, but F(t, x) = for all x ^ 6»(C/). By shrinking the set U we 
may assume that 9(U) is contained in a Weinstein neighborhood of T. Hence, 
we can pass to T*T and work with Lagrangian spectral invariants of the 0— 
section To associated to the Hamiltonians Fi. Furthermore, the Hamiltonians 
Fi are all supported in 9(U) and hence we can apply Lemma [TUl and conclude 
that, for any r > 0, ^((pp. (To), To) ^ Cr, i.e. ^((pp. (To), To) — > 0. Of course, 
by the same reasoning we obtain that "/((pp. (To), To) — > for all t G [0,1]. 
Then, Proposition [19] implies that F\t = c(t), which contradicts the fact 
that F\t is not a function of time only. □ 
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5. C°-COISOTROPIC SUBMANIFOLDS AND THEIR CHARACTERISTIC 

FOLIATIONS 

This section is devoted to the proofs of Theorems Q] and [6] We begin by 
proving a local version of the direct implication of Theorem [6] (Lemma [21] 
below) from which we deduce Theorem [TJ We then prove Corollaries [4] [5] 
and finally Theorem El 

Before stating the lemma, recall (Definition[3|) that given a C°-submanifold 
C, a C° -coisotropic chart around a point p G C is a pair (9, U) where U is 
an open neighborhood of p and 9: U ->7C M 2n is a symplectic homeomor- 
phism which maps C to the standard coisotropic linear subspace 

C = {(xi, ...,x n ,yi,...,y n )\ (y n -k+i, ■ ■ ■ ,Vn) = (0, • • . ,0)}. 

Lemma 20. Let (M, w) be a symplectic manifold and C a -coisotropic 
submanifold of M. Let H G Cj^ am (M, w) with induced hameotopy 4>h- As- 
sume that the restriction of H to C only depends on time. Let p € C and 
9: U — > V be a C° -coisotropic chart around p such that 9(p) = 0. Then 
there exists e > such that for any t € [0,e], <fiji(p) € ^~ 1 (J 7 o(0)), where 
J-"o(0) is the characteristic leaf of Co through 0. 

Before going into the details of the proof of Lemma [20l it is interesting to 
make the following observation. The lemma holds for coisotropic submani- 
folds of arbitrary codimension but its proof will follow from the particular 
case of Lagrangians. As mentioned in the introduction, this is not surprising 
in view of Weinstein's creed: "Everything is a Lagrangian submanifold!" |27| . 

Proof. For i 6 {1, . . . , n — k} consider the Lagrangian subspaces 

Ai = {(xi, ...,x n ,y 1 ,...,y n )\x i = and Vj / i,yj = 0}. 
Clearly, for all i € {1, . . . , n — k}, A, C Co and 

n—k 

Tow = n A i- 

i=l 

Let H be as in the statement of Lemma [20l Then for any i, the restriction 
of H to the C°-lagrangians Lj = # _1 (Aj fl V) is a function of time since Lj 
is included in C. Thus by Proposition [16] there exists e% > such that for 
all t € [0, £;], (pffip) G Li. Taking e = min{ei, . . . , e n -k}, we get 

n—k 

Vt G [0,e], <f,* H (p) G f| L % C ^'(^(O)) . 

□ 

In the particular case of the standard coisotropic linear space Co C M 2n , 
we can prove a similar statement for all times. We will use it to prove 
Theorem [T] 



COISOTROPIC C°-RIGIDITY 



19 



Lemma 21. Let H G Cj^ am (]R 2n , Wo) be a compactly supported continuous 
Hamiltonian whose restriction to Co is a function of time. Then for every 
t£[0,+oo), ^(O)GJo(O). 

Proof. Assume this does not hold. Then to = inf{i > | </>^(0) ^ ^(O)} is 
a well-defined non-negative real number. Since Fq(0) is closed, it contains 
P = ^h(^) - According to Lemma [201 applied to the continuous Hamiltonian 
Kf = Ht+t , the point p, and the chart which is just the translation by —p, 
(t^xiP) £ J~o(p) f° r every t G [0, e] for some e > 0. But since (j^^^fj = <^ +i , 
we have <^ +t (0) G J" (0) for every i G [0, e] which therefore contradicts the 
definition of to- d 

The proof of Theorem [1] relies on the above lemma and the following char- 
acterization of coisotropic submanifolds and their characteristic foliations: 

A submanifold is coisotropic if and only if the flow of every autonomous 
Hamiltonian constant on it preserves it. Moreover, the leaf through a point p 
is locally the union of the orbits ofp under the flows of all such Hamiltonians. 

The next lemma is based on this characterization. 

Lemma 22. Let C be a submanifold in a symplectic manifold (M,uj). As- 
sume that every point p G C admits an open neighborhood V such that any 
H G C%°(y), with H\ c = 0, satisfies ^(p) G C for every t G [0, +oo). 
Then C is coisotropic. 

Moreover, for such a neighborhood V , there exists a smaller neighborhood 
W <s V such that, the leaf F{p) of the characteristic foliation of C passing 
through p satisfies 

W n F{p) = WD {0* H (p) 1 1 G [0, +oo), H G C C °°(F), H\ c = 0}. 

Proof. Let p G C and let V be an open subset as in the statement of the 
lemma. Assume that C coincides locally with / 1 ~ 1 (0) n ... fl fZ l {fy for some 
smooth functions fi,...,fk whose differentials are linearly independent at 
p. By multiplying by an appropriate cutoff function, we can assume that 
these functions are defined everywhere on M, have compact support in V, 
and vanish on C. 

The Hamiltonian vector fields at p of fi,...,fk span (T p C) w , and by 
assumption belong to T p C. Thus (T p C) u C T p C and C is coisotropic. 

Now, since the characteristic leaves are preserved by smooth Hamiltonians 
constant on C, we have the inclusion 

^(p)D{^(p)|t€ [0,+oo),iJ eC^(V),H\ c = 0}. 
Conversely, consider the map 

Since, Yli=i v ifi ls constant on C, its flow preserves the characteristics, hence 
F takes values in the characteristic leaf F{p) through p. The partial deriva- 
tives of F at are d v F(0) = Xf t (p) and in particular they are linearly 
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independent and span T p F{p) = (T p C) w . The inverse function theorem then 
shows that F is a diffeomorphism from a neighborhood of to a neighbor- 
hood W of p in F(p) . This shows 

W n F{p) cwr\ {$r(p) 1 1 € [0, +oo), H G C£°(V), fl-| c = 0} 

and finishes the proof of Lemma [22j □ 

We are now ready to prove Theorem [TJ 

Proof of Theorem [TJ Let C be a smooth coisotropic submanifold, and 6: U — > 
V be a symplectic homeomorphism. Assume C = 6(U D C) is smooth. Let 
p' G C" and p = 9~ 1 (p'). By passing to an appropriate Darboux chart 
around p, we may assume that U C M 2n , p = G M. 2n , and C = Cq. We 
are going to prove that any function H G C£°(V), with i?|c = 0, satisfies 
(f^jjip') G C for all t G [0, +oo). According to Lemma |22| this will imply 
that C is coisotropic. 

Let H be such a function and consider the function H 06. It is compactly 
supported in U and can be extended to a continuous compactly supported 
function K : R 2n — > K. Since ii is smooth and # is a symplectic homeomor- 
phism, if G C^ am (M 2n ,w )- Since if | Co = 0, Lemma ED yields <ff K (0) G Jb(0) 
for any t ^ 0. Since if has support in {7, we have 

(9) vt ^ o, 0^(0) g Jb(o) n u c c n [/. 

Since tpjj = O^^O -1 , we deduce (f>jj(p') G C" as desired and hence that C is 
coisotropic. 

Denote F' the characteristic foliation of C . From ([9|), we deduce that for 
any H G C%°(V), H\ c > = 0, 

vt ^ o, ^(p') g e(Jb(o) n 17). 

Now according to Lemma [22j there exists a neighborhood W C V such that 

wn JV) = Wn{$*(pO|te [o,+oo),ff g C™(V),h\ c < =0}. 

Thus, 

wnJ'(p') c wn0(Jb(o)). 

We get the reverse inclusion by switching the roles of C and C", and we see 
that 9 sends locally Fq(0) onto F'(p'). □ 

Proof of Corollary^ If such a foliation exists it has to coincide with 6~ 1 (Fq) 
on the domain of any C°-coisotropic chart ip. The only thing to check is 
that for any two C°-coisotropic charts 9\ : U\ — > V\ and 62 ■ U2 — > V2 , 
the foliations 07 1 (7 7 o) an d ^^(-^o) coincide on ?7i n JTa- But this follows 
immediately from Theorem Q] applied to C = Co and = B\Q^ X : ^2(^1 H 
u 2 ) ->0i(£4n£/ 2 ). n 

Proof of Corollary^ This is an obvious application of Theorem [T] We only 
need to apply Theorem Q] to every C°-coisotropic chart of our C°-coisotropic 
submanifold. □ 
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Proof of Theorem® Let H £ Cj^ am such that H\c is a function of time 
only and pick p € C. For a contradiction, assume that for some t > 0, 
0jy(p) ^ -^(p) an d set to = inf{i > 0|</>#(p) ^ Then, consider the 

Hamiltonian = —H_t+t , so that ^ = <fijf +t ° ((ftfy" 1 ■ Its restriction to 
C is also a function of time. Lemma [20l applied to K at the point ^(p) 
implies that for some small t > 0, € J"(0tfO))- But by definit ion of 

to, we also have <^~*(p) € J~(p), hence ^^(p) € J~(p). Now apply Lemma 
[20] again to Ht+t at the point (j)^{p). We get that for some e' > and all 
i € [ioj^o + yh^P) ^ *^"(p) wn i cn contradicts the definition of to. Thus, 
^(p) € ^"(p) and the direct implication of Theorem [6] follows. 

We now prove the converse. Assume that the flow of H € Cjj am preserves 
each leaf of the characteristic foliation. We are going to show that for small 
times t, the function Ht is locally constant. 

Let p € C and 6: U — > V be a C°-coisotropic chart around p, with 
9(p) = 0. For cr > small enough, the set rite[0o-]( ( ^//) _1 (^ r ) con tains p 
in its interior. Denote by U' this interior for some fixed a. Similarly, for 
s £ (0,<t] small enough, HtefOs] ^H^') contains p in its interior. Let U" be 
an open neighborhood of p contained in this interior, and with the property 
that 9{U") is convex. Let q be any other point in U" and A be a linear 
Lagrangian subspace included in Co, containing 9(q) and the standard leaf 
J-"o(0)- Such a subspace is the union of the leaves Fq(x) for all x G A. 

Now, consider the C°-Lagrangian L = # -1 (A (IV). Let U = L n U' and 
V = Ifl f7". By construction, q £ V. By assumption <$~ H (l£) C L for all 
i € [0, s]. We may apply Proposition[l8]to L and the continuous Hamiltonian 
Kf(x) = sH s t{x) which generates the hameotopy (p^. We get that for any 
t € [0,1], Kt is locally constant on V. Equivalently, for any t £ [0, s], is 
locally constant on V. Now since 9(U") is convex and A is linear, #(£/") R A is 
connected. It follows that V is also connected and therefore Ht(p) = Ht(q). 
To summarize, we proved that for t small enough, Ht is constant on U" . 

Since C is assumed to be connected, this means that Ht is constant for t 
small enough. However, the argument we followed for times close to applies 
for any other initial time. Thus, Ht must be constant for any time. □ 

Appendix A. A smooth C°-Lagrangian is Lagrangian 

In this section we provide relatively simple proof of Theorems Q] and [6] 
in an enlightening and important special case. We suppose that M = T*L 
equipped with its canonical symplectic structure for some closed smooth 
manifold L. Denote by 9 a symplectic homeomorphism of T*L. And let 
L' = 9(Lq), where Lq denotes the 0-section of T*L. 

Below, we will prove Theorems Q] and [6] for the C°-Lagrangian V . In this 
setting the mentioned theorems state the following: 

Theorem 23. If L' is smooth, then it is Lagrangian. 
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Theorem 24. Let H £ Cj^ am with induced hameotopy 4>h- The restriction 
of H to L' is a function of time if and only if 4>h preserves V . 

We believe that the above special cases provide the reader with the op- 
portunity to get an idea of the proofs of Theorems Q] and [6] without having 
to go through the technical details of Sections d] and [5] 

We will first show that Theorem [23] follows from Theorem [24j In order 
to do so we will need the following dynamical characterizations of isotropic 
and coisotropic submanifolds, respectively. 

Lemma 25. Let I denote a (smooth) submanifold of a symplectic manifold 
(M, u) . The following are equivalent: 

• L is isotropic, 

• For every smooth Hamiltonian H, if 4>h preserves L, then H\j is a 
function of time only. 

Lemma 26. Let C denote a (smooth) submanifold of a symplectic manifold 
(M, cj). The following are equivalent: 

• C is coisotropic, 

• For every smooth Hamiltonian H, if H\c is a function of time only, 
then 4>h preserves C . 

We leave the proofs of the above lemmas, which follow from symplectic 
linear algebra, to the reader. In the proof of Theorem [U we use Lemma [22] 
which is a variation of the second of the above two lemmas. 

Proof of Theorem \23X Each of Lemmas [25] and [26] gives a different proof. We 
provide both proofs here. 

First proof: Suppose that H is any smooth Hamiltonian whose flow (pn 
preserves L' . Then H o g C^ am and its flow, 6~ 1 cf) t H 9, preserves Lq. It 
follows from Theorem [24] that the restriction of FL o to Lq is a function of 
time only. Therefore, depends on time only, and so using Lemma [25] 

we conclude that L' is isotropic. 

Second proof: Suppose that H is any smooth Hamiltonian whose restric- 
tion to V is a function of time only. Then H o g C{^ am and its restriction 
to Lq depends only on time. It follows from Theorem [24] that the flow of 
H o 6, which is 9~ 1 cp t H 8, preserves Lq and so the flow of H preserves V . 
Using Lemma [26] we conclude that V is coisotropic. □ 

Proof of Theorem \24\ By replacing H with HoQ we may prove the statement 
for the (smooth) Lagrangian Lq, rather than for L' . Here, we use the fact 
that (t> l Ho Q = 8~ 1 (j) t H 9. Hence, we will prove that the restriction of H £ C^ am 
to Lq is a function of time if and only if (ftn preserves Lq. 

To prove the direct implication suppose that Ht\L = c(t), where c(t) is 
a function of time only. By replacing Ht with Ht — c(t) and then cutting 
of at infinity, we may assume that Ht\L =0 for all t. For a contradiction 
assume that (f>H does not preserve Lq and define to — inf{t | ^(Lq) <£_ Lq}. 
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Pick 5 > such that (Lq) 't- Lo- By a time reparametrization we may 
assume that to = and 8=1, that is </>^(Lq) ^ Lq. 

Since if G ^Ham there exists a sequence of smooth Hamiltonians Hi : [0, 1] x 
M — > R such that .ffj converges uniformly to and converges to 4>h in 
C°-topology. 

Because ()) 1 h (Lq) Lq, there exists a ball i? such that B D Lo 7^ an d 
<^-(L ) nB = 0. It follows that <^.(L ) H £ = for large i. And so, 

7 (^(L ),L ) ^ Cl r(B;L ) >0. 

Inequality ([1]) from Section T2.2I implies that 

max (osc(iJi(i, -)l[o,i]xL )) > c LR (B;L ), 

contradicting the fact that H\l = 0. We conclude that <pn preserves Lq. 

Next, to prove the converse implication suppose that <j>H preserves Lq. 
Let B denote any open ball intersecting Lq, U a small open neighborhood 
of B and ip be any symplectomorphism supported in B and preserving Lq. 
Next, we pick e > such that ^(B), (^^(B) <s U for all t G [0,e]. By a 
reparametrization in time, we may assume that (/^(B), <s £7 for 

all t G [0,1]. 

Consider the C°-Hamiltonian G = (H oijj — H) o We will show that 
G\l = 0. Since B, and -0 are chosen arbitrarily, this will show that H is 
a function of time. The support of G is included in U tg [o i i]((/>^-) _1 (-B) C U, 
and moreover, its flow is V' - yh^- Because tp and preserve Lq 

the flow of G also preserves Lo- 

Since G G Cjj there exist smooth Hamiltonians Gi such that {Gi} 
converges uniformly to G and {fid} converges to <j)Q. Furthermore, we can 
require that all GiS are supported in U. This can be achieved by picking 
a corresponding sequence of smooth Hamiltonians Hi for H and defining 
Gi = {Hi o ip — Hi) o (f) Hi . For large i, Gi is supported in U. 

Fix a small r > 0. Because ^(Lq) = Lq for any t G [0, 1], for sufficiently 
large i we have 4>q,(Lq) C T*Lq. Furthermore, the Hamiltonians Gi are 
all supported in U and hence we can apply Lemma [10] and conclude that 
^y((j>Q. (Lq), Lq) Cr, i.e ^((^.(Lq), Lq) — > 0. Of course, the same reasoning 
yields 7(^.(^0), Lo) — ^ for all t G [0, 1]. Then, Proposition [19] implies that 
G\l = c (^)- Since it has support in U, we conclude that G\l =0. □ 

Appendix B. Graphs of closed C° 1-forms are C°-Lagrangians 

The goal of this appendix is to provide a family of non trivial exam- 
ples of C°~Lagrangians by proving the following statement mentioned in the 
introduction. 

Proposition 27. Let a be a C° 1-form on a smooth manifold N which is 
closed in the sense of distributions. Then its graph, graph(a) C T*N , is a 
C° -Lagrangian. 
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Proof. Since the statement is local, it is sufficient to prove it when N is 
an open set of W n . Then a can be written as a = ~Y^i = iPi{x)dxi, where 
the canonical coordinates in W 1 and p\ , . . . , p n continuous 
functions on N. The fact that a is closed is equivalent to the equations 

(10) Vi, j E {1, . . . ,n}, djPi = diPj, 

where d^pj is the i-th partial derivative of pj in the sense of distributions. 

We use convolution to approximate a. To that end, take a compactly 
supported function p such that p 0, and f N p(x)dx = 1 and set p e (x) = 
-p(ex) for every e > 0. For any continuous function / on N, the functions 

f*Pe(x)= f(y)p £ (x - y)dy 
Jn 

are well-defined on any compact subset of iV for e small enough. Moreover, 
for any e, f * p £ is smooth, converges locally uniformly to / as e goes to 0, 
its differential satisfies d{f * p e ) = (df) * p £ and converges in the sense of 
distributions to df. 

Let U <£= N be an open subset of N. Then, for e small enough, 

n 

a £ = ^Pi * p £ dxi 
t=l 

is a well-defined 1-form on U. It satisfies Equations (fTU|) and thus is closed. 
Moreover, it converges uniformly to a on U. 

Now let <f> £ be the family of symplectic diffeomorphisms of T*U defined 
by (f> £ (x,p) = (x,p + a £ {x)). They converge uniformly on U to the symplec- 
tic homeomorphism <j>: T*U — > T*U, (x,p) i— > (x,p + a{x)) and graph(a) 
restricted to T*U is <p{U). This shows that graph(a) is locally the image of 
a smooth Lagrangian by a symplectic homeomorphism. □ 
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